This paper analyzes the bending response of several sandwich plates with a functionally graded core, using advanced equivalent single layer (ESL) and layerwise (LW) models with linear to fourth-order expansion in the thickness direction. The functionally graded properties of the core have been approximated by means of Legendre polynomials. The ESL and LW theories have been developed according to the principle of virtual displacements and Reissner's mixed variational theorem; in the latter case, both displacements and transverse shear/normal stresses have been assumed as primary variables. Closedform solutions for simply supported sandwich plates loaded by a transverse distribution of harmonic pressure are discussed. Various assessments have been made of the proposed theories with respect to the available results. Our obtained results show that, depending on the chosen functionally graded core, the use of advanced models may turn out to be mandatory with respect to classical theories (for example, first-order shear deformation theory). It has been shown that the use of a core in functionally graded material can offer some advantages with respect to the classical cores that have been widely employed in open literature. A benchmark has been proposed which consists of a sandwich plate with two isotropic faces (ceramic and metallic) and various functionally graded cores. That benchmark could be useful in assessing future refined computational models.
Introduction
Functionally graded materials (FGMs) are composite materials made up of two or more constituent phases with a continuously variable composition. FGMs are usually associated with particulate composites where the volume fraction of particles varies in one or several directions. One of the advantages of a monotonous variation of volume fraction of the constituent phases is the elimination of stress discontinuity, which is often encountered in laminated composites and accordingly leads to the avoidance of delamination-related problems. FGMs present a number of advantages that make them attractive in potential future applications, such as a reduction of in-plane and transverse through-the-thickness stresses, an improved residual stress distribution, enhanced thermal properties, higher fracture toughness, and reduced stress intensity factors [Birman and Byrd 2007] . For these reasons, an accurate evaluation of displacements, strains, stresses, and vibrations can be fundamental in the design of such structures.
Several three-dimensional solutions are proposed in the literature for the case of simple problems in one-layered FGM structures. Among these, the three-dimensional elasticity solution proposed by Kashtalyan [2004] for a functionally graded simply supported plate subjected to transverse loading is of particular interest. Young's modulus of the plate is assumed to vary exponentially through the thickness Keywords: functionally graded materials, sandwich plates with an FGM core, Carrera's unified formulation, classical models, mixed models, equivalent single layer theories, layerwise theories, Legendre polynomials. and the Poisson's ratio is assumed to be constant. Reddy and Cheng [2001] propose a three-dimensional thermomechanical solution for simply supported functionally graded rectangular plates by means of an asymptotic method. The locally effective material properties are estimated by the scheme from [Mori and Tanaka 1973] . Vel and Batra [2002; 2003; give exact three-dimensional solutions for functionally graded rectangular plates in the case of mechanical and thermal loads on its top and/or bottom surfaces, time-dependent thermal loads, and free and forced vibrations.
Here are some classical and advanced two-dimensional models for these structures made up of one FGM layer: Zenkour [2006] presents the static response for a simply supported functionally graded rectangular plate subjected to a transverse load, where a generalized shear deformation theory is used and the material properties of the plate are assumed to be graded in the thickness direction, according to a simple power-law distribution in terms of the volume fractions of the constituents. Chi and Chung [2006] use the classical plate theory and Fourier series expansion to investigate an elastic, rectangular, and simply supported, FGM plate of medium thickness subjected to transverse loading. Ramirez et al. [2006] obtain a solution for an FGM plate by using a discrete layer theory in combination with the Ritz method in which the plate is divided into an arbitrary number of homogeneous and/or FGM layers. Two types of functionally graded materials are considered: an exponential variation of the mechanical properties through the thickness of the plate, and mechanical properties as a function of the fiber orientation, which varies quadratically through the laminate thickness. Another method used to analyze the static deformations of a simply supported functionally graded plate modeled by a third-order shear deformation theory is the use of the collocation multiquadric radial basis functions proposed by Ferreira et al. [2005] . As far as the dynamic analysis is concerned, Qian et al. [2004] investigate the free and forced vibrations of a thick rectangular functionally graded elastic plate using a higher-order shear and normal deformable plate theory and a meshless local Petrov-Galerkin method, Batra and Jin [2005] use first-order shear deformation theory (FSDT) coupled with the finite element method to study free vibrations of a functionally graded anisotropic rectangular plate with the objective of maximizing one of its first five natural frequencies. Nguyen et al. [2008] identify the transverse shear factor by means of energy equivalence for a one-layered FGM plate in the case of first-order shear deformation theory.
All the works mentioned above refer to the case of plates made up of one FGM layer, where the three-dimensional solutions represent very interesting reference solutions and the other two-dimensional models are valuable tools to investigate such problems. The main aim of the present paper is the use of FGMs in multilayer structures. These graded layers can be used as face sheets or as core and its employment can be very efficient to solve some problems usually connected to classical sandwich structures. /'Avila [2007] considers sandwich beams with a functionally graded core. The proposed failure mode model accurately predicts the failure mechanisms. The best performance is obtained when the core layer with the highest density is located right below the upper face-sheets. Cheng and Zhong [2007] consider a finite crack with constant length propagating in the functionally graded layer. The structure is a functionally graded strip between two dissimilar homogeneous layers. The importance of graded parameters in the dynamic fracture behavior is clearly demonstrated. Considering a functionally graded transition zone between a hard TiC coating and a WC-Co substrate, Dahan et al. [2001] show that the critical load and the wear resistance depend on the concentration profile within the transition layer. The Ti-rich profiles displayed the highest critical load and the lowest wear rate. The transition response of a crack embedded in a functionally graded material layer sandwiched between two dissimilar elastic layers is analyzed under antiplane shear impact loads by Li and Fan [2007] . The effects of crack position, material properties, and the FGM layer thickness are investigated. Xia and Shen [2008] use a high-order shear deformation theory to investigate small and large amplitude vibrations of a compressively and thermally postbuckled sandwich plate with FGM face sheets. When the volume fraction index increases, the fundamental frequency increases in the prebuckling region, but decreases in the postbuckling region. The resulting fracture behavior under impact loading conditions in sandwich structures comprising an FGM core has been illustrated by Kirugulige et al. [2005] . These results show a significant reduction in stress intensification in the presence of compositional gradients compared to conventional constructions. The results concerning a sandwich with a homogeneous core and FGM face sheets by Shen and Li [2008] show that the thermal buckling load is modified when using FGM faces. Zhao et al. [2008] investigate the effects of FGM coatings on the thermal shock resistance of a sandwich plate with functionally graded coatings. A two-dimensional solution for the bending analysis, buckling study, and free vibrations of a functionally graded sandwich plate is the sinusoidal shear deformation plate theory by Zenkour [2005a; 2005b] . The exact thermoelasticity solution of Shodja et al. [2007] analyzes a thick composite structure consisting of homogeneous and functionally graded layers; stress concentration effects are eliminated and interfacial shear stresses are reduced. The three-dimensional finite element simulations by Etemadi et al. [2008] analyze low velocity impact behavior of sandwich beams with an FGM core. For sandwich beams with functionally graded cores, the maximum contact force increases and the maximum strain decreases compared to those of sandwich beams with a homogeneous core. Anderson [2003] developed an analytical three-dimensional elasticity solution method for a sandwich composite with a functionally graded core subjected to a transverse loading by a rigid spherical indentor. The effects of FGM face sheets and a homogeneous core, or homogeneous face sheets and an FGM core on the free vibrations of sandwich plates with simply supported or clamped edges, are analyzed by by means of a three dimensional linear elasticity theory. The benefits of the use of an FGM core in a sandwich plate for the stresses are analyzed by Kashtalyan and Menshykova [2009] using a three-dimensional solution.
In conclusion, the use of FGM face sheets and/or core in sandwich structures can be very useful to contrast failure mechanisms and crack propagations, to increase critical and buckling loads, to decrease the wear rate, the stress concentration effects and the interfacial shear stresses, and to improve thermal shock resistance. The importance of new accurate plate theories to investigate such types of sandwich structures, as done in [Zhu and Sankar 2007] in the case of a thermal protection system panel with a functionally graded foam core, is therefore clear.
In the present paper, in order to obtain advanced two-dimensional models for sandwich structures with FGM layers, Carrera's unified formulation [1995; 2002] , known as CUF, has been extended to materials with properties that are functionally graded through the thickness direction. This extension was made for the classical advanced models in [Carrera et al. 2008] and for the mixed ones in [Brischetto and Carrera 2008] . In the first case, the principle of virtual displacements (PVD) was used, while in the second paper, Reissner's mixed variational theorem (RMVT) was employed to model both displacements and transverse shear/ normal stresses. The classical and mixed advanced hierarchical models presented in these two papers were developed for multilayer FGM plates. Applications were only made for singlelayered FGM structures. In the present paper, considering sandwich plates with an FGM core, the models obtained in [Carrera et al. 2008] and [Brischetto and Carrera 2008] are validated for multilayer FGM plates. For material properties, only spatial dependence has been considered. These properties have been considered independent of temperature; the dependence on temperature will be added in future work, where the heat conduction problem will be accounted for. The most important features about the extension of CUF to FGMs have been discussed in Section 2, then Section 3 introduces the employed kinematic models. Section 4 deals with the results and discussion, and the conclusions are given in Section 5.
Extension of CUF to FGMs
The application of a two dimensional method for plates allows the unknown variables to be expressed in a set of thickness functions that only depend on the thickness coordinate z and the correspondent variable which depends on the in-plane coordinates (x, y).
CUF is a technique which handles a large variety of plate/shell modelings in a unified manner [Carrera 1995; 2002] . According to CUF, the governing equations are written in terms of a few fundamental nuclei which do not formally depend on
• the order of expansion N used in the z-direction, and
• the variables description: layerwise (LW) or equivalent single layer (ESL).
The generic variable a(x, y, z), for instance a displacement, and its variation δa(x, y, z) are therefore written according to the general expansion
where the bold letters denote arrays, (x,y) are the in-plane coordinates and z the thickness one, and F τ (z) and F s (z) are thickness functions. The summation convention is assumed with repeated indexes τ and s.
The order of expansion N goes from first to fourth order, and depending on the used thickness functions F(z), one model could be ESL when the variable is assumed for the whole multilayer and LW when the variable is considered independent in each layer.
A model for the analysis of FGM plates must accurately describe the continuous variations of the material characteristics (mechanical, thermal, or electric) along the thickness. The present section focuses on the procedure that allows the CUF to be expanded to the analysis of FGM layers. These layers could be single or embedded in other classical and/or FGM layers. For the FGM layers, Legendre polynomials have been used to approximate the elastic coefficients in the thickness z.
The variation of the material characteristics is usually given in terms of exponential and/or polynomial functions applied directly to engineering constants such as Young's moduli E i , shear moduli G i j and/or Poisson's ratio ν i j , or directly to material stiffnesses C i j with i, j = 1, 6. Since a relation between the engineering constants and the material stiffnesses holds in each point of the plate, only the second case can actually be treated. The variation of the stiffness matrix is generally given by multiplying it by a function of z
where C 0 is the reference stiffness matrix and g(z) gives the variation along z. By applying the ideas behind the CUF, the following expansion is made
where the thickness functions F γ are the same that will be used for the LW expansion in the next section
where P j = P j (ζ k ) is the Legendre polynomial of j-th order defined in the domain −1 ≤ ζ k ≤ 1. The actual C is then recovered as a weighted summation on the terms C r . The weights are given by the thickness functions F r . The order of the expansion can be arbitrarily chosen. Due to the usual complicated laws used for g(z) in the open literature, the expansion has been in this work extended to N r = 10. Anyway, when a simple polynomial g(z) is applied lower values of N r could be used.
The procedure to include the varying stiffnesses in the model requires to compute the C r matrices. This task can be accomplished solving for each component C i jr a simple algebraic system of order N r . After that the actual values of C at N r different locations along the thickness (z 1 , . . . , z N r ) have been calculated, leading to the formula
. . .
In the case of classical layers with constant material properties the formula in Equation (3) is not considered and the elastic coefficients are constant in the rigidity matrices. A detailed description of the CUF extended to FGMs is reported in [Carrera et al. 2008] for the PVD (only the displacements are considered as primary variables) and in [Brischetto and Carrera 2008] for the RMVT (both displacements and transverse shear/normal stresses as primary variables). Further details regarding the assembly procedure (expansion in z for the primary variables and material properties, multilayer assembly procedure) and the governing equations can be found in these same two papers.
Description of kinematics
The proposed two-dimensional models have been coded according to the CUF. Details can be found in previous authors' works [Carrera1995; 2002; . In order to explore how the various kinematic assumptions can affect the response of typical two-dimensional structures, a large variety of plates/shells theories have been considered here.
Plates of constant thickness h are considered. The geometry and reference system are shown in Figure 1 . The displacement components u x , u y , and u z are measured with respect to the x, y, and z axes. The latter axis denotes the trough-the-thickness direction. is the plate reference surface. Plainstress/plain-strain conditions have been assumed according to what indicated in the paper concerning the Poisson's locking phenomena for plates [Carrera and Brischetto 2008] .
Higher-order theories. Higher-order theories (HOTs) consider the same order of expansion in the thickness direction for the three displacements components (including the transverse one). These theories are obtained in the ESL overview. HOTs including transverse normal strains. Higher-order terms can be introduced in the kinematic assumptions in order to obtain refinements of classical lamination theory (CLT) and FSDT models
The summation convention for the repeated indexes has been adopted. N is the order of expansion, which is taken as a free parameter. In the numerical investigation N is considered to be as low as 1 and as high as 4. According to the acronym system developed within CUF, the related theories are named ED1-ED4.
The letter E denotes that the kinematic is preserved for the whole layers, as in the ESL approach, while D denotes that only displacement unknowns are used and the last number states the through-the-thickness expansion order.
HOTs including zigzag effects. The EDN models are not able to describe the discontinuity of the first derivative with correspondence to the layer interfaces, known as the zigzag effects [Carrera 2003 ] and peculiar of laminates mechanics. It can be introduced via the Murakami's zigzag function (MZZF) [Murakami 1986 ], which was proposed in the framework of RMVT applications. The dimensionless layer coordinate ζ k = (2z k )/ h k is further introduced, being h k the thickness of the k-th layer and z k the layer thickness coordinate. MZZF is defined according to the formula
MZZF has the following properties: it is piecewise linear function of the layer coordinate z k , it has unit amplitude for the whole layers, and its slope takes opposite sign between two-adjacent layers, since its amplitude layer is independent of thickness. The displacement field accounting for MZZF takes the form
Subscript Z refers to the introduced zigzag term. Higher-order distributions in the z-direction are introduced by polynomials of degree r . Modifications of EDN directed to include MZZF are denoted EDZN .
The classical theories. The classical theory CLT, based on assumptions made by Cauchy [1828] , Poisson [1829] , and Kirchhoff [1850] , discards transverse shear and through-the-thickness deformations. The displacement model related to CLT can be written in the form u τ (x, y, z) = u 0τ (x, y) − z ∂u 0z (x, y) ∂τ with τ = x, y and u z (x, y, z) = u 0z (x, y),
stating that the section remain plane and orthogonal to the plate reference surface . Here u 0 denotes the displacement value relative to the reference surface . Transverse shear stresses are discarded by CLT. Transverse shear deformation can be introduced according to the Reissner-Mindlin kinematic assumptions [Reissner 1945; Mindlin 1951] : u τ (x, y, z) = u 0τ (x, y) + zu 1τ (x, y) with τ = x, y and u z (x, y, z) = u 0z (x, y).
This theory is also called FSDT. Transverse shear stresses show a priori constant piecewise distribution. FSDT can be obtained from ED1 by considering a constant transverse displacement through the thickness. CLT is obtained from FSDT considering an infinite shear correction factor. In both CLT and FSDT, the Poisson locking phenomenon is contrasted by means of the plane-stress conditions, as indicated in [Carrera and Brischetto 2008] . In the proposed analysis of FGM structures, the shear correction factor has not been used for the correction of FSDT because the well-known value χ = 5/6 is calculated for a homogeneous material. The shear correction factor for a general laminate depends on lamina properties and lamination scheme [Reddy 2004 ].
Layerwise theories. Multilayered plates can be analyzed by kinematic assumptions which are independent in each layer. Following Reddy [2004] these approaches are called here LW theories. The LW description yields, thus, displacement variables that are independent in each layer. The Taylor expansion of the thickness, adopted in the previous paragraphs for ESL cases, is not convenient for LW description. Displacement interlaminar continuity can be imposed more conveniently by employing interface values as unknown variables. The LW description assumes the form
Subscript t and b denote values related to the top and the bottom of layer, respectively. The thickness functions F τ (ζ k ) have been defined by
in which P j = P j (ζ k ) is the j-th order Legendre polynomial defined for −1 ≤ ζ k ≤ 1. In the numerical investigations the maximum order is four, and the relevant polynomials are
The preceding functions have the following interesting properties:
The top and bottom values have been used as unknown variables. The interlaminar compatibility of displacement can therefore be easily linked:
The acronyms for these theories are LD1-LD4, the L standing for LW.
Mixed theories based on Reissner's mixed variational theorem. The kinematics described previously is not able to furnish interlaminar continuity of transverse shear and normal stresses at the interfaces between two adjacent layers in the case of multilayer structures. RMVT [Reissner 1984 ] offers the possibility to fulfil a priori the interlaminar continuity. Both displacements and transverse shear/normal stresses can be assumed within the RMVT framework as primary variables.
Layerwise mixed theories. In the LW case the displacement model in (11) is also used for the transverse shear/normal stresses:
The interlaminar transverse shear and normal stresses continuity can be, therefore, easily linked:
These models are denoted as LM1-LM4, where M means mixed models based on RMVT.
Equivalent single layer mixed theories. Mixed theories along with an ESL description can be formulated referring to the displacement model in (6) and the LW stress assumptions in (16). These are referred to as EM1-EM4. The theories accounting for the zigzag shape of the displacements are indicated as EMZ1-EMZ3. A further letter C could be added in the acronyms to emphasize the continuity of the transverse shear/normal stresses.
Results and discussion
All the examples presented in this section consider a simply supported square plate with a bisinusoidal mechanical load applied to the top surface; see Figure 1 . The applied load is
where a and b are the plate dimensions, x and y are the in-plane coordinates and z is the thickness coordinate. The load amplitude isp z = 1.0 Pa and the wavelengths in the x and y directions are m = n = 1.
Assessment 1: one-layered no-FGM plate. The plate is made of aluminum Al2024 with Young's modulus E = 73 GPa and Poisson's ratio ν = 0.34. The global thickness is h = 0.001 m and the thickness ratio is a/ h = 10. The three-dimensional solution for the dimensionless transverse displacementw considered in the middle of the plate is given in [Carrera and Brischetto 2008] . The transverse normal stress σ zz at the top is given by the loading conditions. Table 1 compares a classical theory (FSDT) and advanced classical and mixed models with the three-dimensional solution, to demonstrating how the models for functionally graded materials can degenerate into models for materials with constant properties through thickness z. The fictitious layers (Figure 2 ) have been introduced to validate the multilayer assembly One layer Two layers Four layers [Carrera and Brischetto 2008] . Results for one layer, two and four fictitious layers. The dimensionless transverse displacement isw = 100Eh 3 u z /(p z a 4 ).
procedure. Though a shear correction factor χ = 5/6 could be used for FSDT in case of homogeneous and isotropic plates, χ = 1 has been employed to be consistent with the case of FGM structures.
Assessment 2: one-layered FGM plate. The considered plate is one-layered with Young's modulus E(z) changing in the thickness direction z, according to Zenkour's formula [2006] 
The plate is completely metallic at the bottom (E m = 70 GPa) and completely ceramic at the top (E c = 380 GPa). A constant Poisson ratio ν = 0.3 and a thickness ratio a/ h = 10 are considered. Varying the thickness coordinate z from −h/2 to h/2, Young's modulus changes with continuity, as illustrated in Figure 3 , where the exponential κ varies from 1 to 10. The global thickness is h = 0.1 m. A detailed investigation was made in [Carrera et al. 2008] for PVD models and in [Brischetto and Carrera 2008] for RMVT models. The FSDT model is compared in Table 2 with some advanced ones (κ = 1), with the solution from [Zenkour 2006 ] (a generalized shear deformation model), and with a discrete layer quasi-three-dimensional solution previously presented in [Carrera et al. 2008] . The fictitious layers, as illustrated in Figure 4 , have been considered to demonstrate that the present models are able to carry out the multilayer FGM assembly procedure. Table 2 . Assessment 2: Functionally graded square plate with thickness ratio a/ h = 10 and exponential κ = 1 for Zenkour's formula [2006] (row marked Z). CBR stands for [Carrera et al. 2008] . Results are shown for one layer and for two, three and four fictitious layers. The dimensionless transverse displacement isw = 10E c h 3 u z /(p z a 4 ).
Assessment 3: sandwich FGM plate. A further validation for the employed ESL and LW models, based on PVD and RMVT, is made with the three-dimensional solution proposed by Kashtalyan and Menshykova [2009] for the case of a three-layered plate with a core in FGM; see Figure 5 . The global thickness of the plate is h 0 = 2h where h and −h represent the top and bottom coordinates of the plate, respectively. h c and −h c are the coordinates of the bottom fourth layer and the top first layer, respectively. The global thickness of the core is 2h c . The plate has a global thickness h 0 = 1.0 m, the thickness of Table 4 . The three-dimensional reference solution is given by Kashtalyan and Menshykova [2009] . For the displacements, when the shear modulus ratio is close to 1.0, both LW and ESL models are able to give the three-dimensional response, but the requested order of expansion in z is lower for the LW models. In the case of G c /G f = 0.9, the use of LW models and higher orders of expansion is mandatory. The addition of MZZF [Murakami 1986 ] to ESL models is not so effective as in the case of classical sandwich structures where the typical zigzag form of the displacement is observable. The comments made for the PVD models in Table 3 are confirmed for the RMVT models on the right-hand side of the same table. To obtain the correct values of the stresses, LW and higher orders of expansions are requested, as suggested by Table 4 . The advantage of RMVT models is clearly demonstrated in the case of LW models with lower orders of expansions and in the case of ESL theories. These conclusions become much clearer if we consider Figures 6 and 7. In Figure 6 , where the displacements are plotted along the thickness, it is evident that the use of a higher order of expansion is fundamental. In Figure 7 , in the case of transverse shear/normal stresses σ x z and σ zz , for a shear modulus ratio G c /G f = 0.9, the use of RMVT models is mandatory. Table 3 . Assessment 3: Sandwich plate with core in functionally graded material and two external isotropic faces. The three-dimensional solution is from [Kashtalyan and Menshykova 2009] . The thickness ratio is a/ h = 3 and the dimensionless transverse displacement isw = G 0 u z /(p z h 0 ) evaluated at z = 0. Left: classical model and advanced models based on PVD; right: advanced models based on RMVT. Table 3 . L.C. means loading condition (expected value of σ zz ).
The stresses obtained a priori are in fact continuous in the thickness z direction. The use of ESL models is not effective for the evaluation of such stresses for either cases of G c /G f = 0.9 or G c /G f = 0.999. If we consider a value of G c /G f close to 1.0, the use of PVD models is sufficient, as illustrated in the right column of Figure 7 .
Proposed benchmark. The three proposed assessments have been used to validate the extension of CUF to multilayer functionally graded plates and to highlight the capability of some advanced models with respect to the classical ones. This allows these models to be used with confidence in order to investigate a new benchmark proposed for the first time in this paper. A three-layered plate is considered: the bottom layer is metallic made with Young's modulus E m = 70 GPa and the top layer is in ceramic with E c = 380 GPa. The core consists of an FGM with Young's modulus varying in z according to Zenkour's formula [2006] , given here as Equation (19). The proposed plate is given in Figure 8 , where the thickness of each face is h f = 0.1h and the core has h c = 0.8h. In the core, the Young's modulus E(z) changes exponentially in z according to an exponential parameter κ that can assume values of 1, 5 or 10, Figure 3 . A fourth case has been added: a core with a constant Young's modulus, that is, an average between E c and E m . Poisson's ratio is constant for the three layers (ν = 0.3). Two thickness ratios are investigated, a/ h = 4 and a/ h = 100, corresponding to h = 0.25 and 0.01. Table 5 shows the displacements, Table 6 the in-plane stresses and Table 7 (on page 31) the transverse shear/normal stresses obtained. The results given by advanced models, such as LD4 and LM4, could be considered as reference values for models that will be proposed in the future by other scientists. In the case of a thick plate (a/ h = 4), the use of LW models is mandatory, if we consider thin plates (a/ h = 100), ESL models could be used by employing higher-order expansions. The in-plane stress σ x x is considered in Figure 9 , top, for κ equal to 1 and 10. Even though the plate is thick, the four theories considered are effective; an ESL model with parabolic expansion in z is enough. In the case of the transverse normal stress σ zz , the use of LW models is mandatory; see Figure 9 , bottom. In the case of κ = 10, the mixed model gives better values of σ zz through the thickness z with respect to the LD4 theory. Some small problems have been pointed out near the top and the bottom of the plate, even though an LM4 theory is employed. This happens because the plate considered is very thick. Such problems disappear in the case of thin plates. In Figure 10 , where an advanced model such as LD4 has Table 6 . Benchmark: Dimensionless in-plane stressesσ x x = hσ x x /(ap z ) andσ x y = hσ x y /(ap z ) for a sandwich square plate with core in FGM, using Zenkour's formula (19).
been chosen, the displacements and the stresses are investigated in the thickness z direction for the case of four different cores (κ = 1, κ = 5, κ = 10, and E c = constant = 225 GPa) and for the thickness ratio a/ h = 10. The displacements in the z direction obtained using a core with a constant Young's modulus σ zz σ zz Figure 9 . Benchmark: Sandwich plate with core in FGM. In-plane stress σ x x (top row) and transverse-normal stress σ zz (bottom row) versus z for κ = 1 (left) and κ = 10 (right). The thickness ratio is a/ h = 4.
are more conservative than the FGM core cases (top row in Figure 10 ). On the contrary, the use of an FGM core allows in-plane stresses σ x x and σ x y continuous in the z direction to be obtained, which is not possible with a "classical" core, and the typical discontinuity of in-plane stresses for the sandwich structures is clearly shown (middle row in Figure 10 ). The discontinuity exhibited by the FGM core in the case of transverse shear and normal stresses σ x z and σ zz in Figure 10 is due to the use of a PVD model. These stresses can actually be obtained continuously in z if we use a mixed model, as already seen in Figure 7 .
Conclusions
This paper has investigated the static response of several sandwich plates that include different types of functionally graded layers. Conclusions have been outlined, regarding the modeling tools used for these types of structure and the design of sandwich plates including a core in FGM. It has been shown Figure 10 . Benchmark: For the sandwich plate with core in FGM, displacements (ū,w) = 10(u x , u z )E c h 3 /(p z a 4 ) and stresses σ x x , σ x y , σ x z and σ zz versus z for LD4 theory. In addition to the values κ = 1, 5, 10 in Zenkour's formula (19), we consider an isotropic material with E = 225 GPa for the core ("E = co"). Thickness ratio: a/ h = 10. Table 7 . Benchmark: Dimensionless transverse shear stressσ x z = hσ x z /(ap z ) and transverse normal stressσ zz = hσ zz /(ap z ) for a sandwich square plate with core in FGM, using Zenkour's formula (19) .
that in order to investigate multilayer plates embedding FGM layers, the use of advanced models is mandatory, in particular for thick and moderately thick plates as well as for complicated laws in the z direction given for the material properties. To obtain a quasi-three-dimensional response, LW models and high orders of expansion are necessary. Mixed models are convenient for particular variables such as transverse shear/normal stresses. In the design of sandwich plates, the use of FGM cores can represent a valid alternative to classical materials, because they allow particular features, such as the continuity of in-plane stresses in the thickness direction, that conventional cores do not allow. The discussion about the optimum design of multilayer plates including FGM layers could be the subject of future works. In them the heat conduction problem will be considered and material properties will be dependent on temperature.
